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Chimera state is a recently discovered dynamical phenomenon in arrays of nonlocally coupled
oscillators, that displays a self-organized spatial pattern of co-existing coherence and incoherence.
We discuss the appearance of the chimera states in networks of phase oscillators with attractive
and with repulsive interactions, i.e. when the coupling respectively favors synchronization or
works against it. By systematically analyzing the dependence of the spatiotemporal dynamics on
the level of coupling attractivity/repulsivity and the range of coupling, we uncover that different
types of chimera states exist in wide domains of the parameter space as cascades of the states
with increasing number of intervals of irregularity, so-called chimera’s heads. We report three
scenarios for the chimera birth: 1) via saddle-node bifurcation on a resonant invariant circle,
also known as SNIC or SNIPER, 2) via blue-sky catastrophe, when two periodic orbits, stable
and saddle, approach each other creating a saddle-node periodic orbit, and 3) via homoclinic
transition with complex multistable dynamics including an ”eight-like” limit cycle resulting
eventually in a chimera state.
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1. Introduction
Chimera state represents a remarkable spatiotem-
poral pattern where synchronized and phase-locked
oscillators coexist with desynchronized and incoher-
ent ones. Dynamically, it represents a sort of spa-
tially extended symmetry breaking which develops
in arrays of identical oscillators, moreover without
any sign of asymmetry or external excitation. Cer-
tainly, it is a robust manifestation of strongly non-
linear nature of self-organization in homogeneous
systems.
This kind of coherent-incoherent behavior was
first observed ten years ago for nonlocally cou-
pled complex Ginzburg-Landau equation and for its
phase approximation model [Kuramoto & Battog-
tokh, 2002]
ϕ˙i = ω+
K
N
N∑
j=1
Gij sin(ϕj −ϕi−α), i = 1, . . . , N,
(1)
with coupling function G decaying exponentially
with the distance between the oscillators:
Gexp(x, k) =
k
2
exp(−kx), (2)
where x = |j−i|N . The term chimera state was in-
troduced two years later in [Abrams & Strogatz,
2004], where model (1) was analyzed with the co-
sine coupling function
Gcos(x,A) = 1 +A cos 2pix. (3)
Since that, chimera phenomenon has got a lot
of attention and has been studied for different
types of oscillatory networks, with various types
of non-local interaction, and by different methods
including both finite- and infinite-dimensional ap-
proaches [Shima & Kuramoto, 2004; Abrams &
Strogatz, 2006; Sakaguchi, 2006; Abrams et al. ,
2008; Omel’chenko et al. , 2008; Sethia et al. , 2008;
Laing, 2009; Martens et al. , 2010; Omel’chenko et
al. , 2010; Bordyugov et al. , 2010; Wolfrum et al.
, 2011; Lee et al. , 2011; Wolfrum & Omel’chenko,
2011; Omelchenko et al. , 2011; Laing et al. , 2012;
Zhu et al. , 2012; Omel’chenko et al. , 2012; Panag-
gio & Abrams, 2013; Haderstrom et al. , 2012; Tins-
ley, et al. , 2012; Nkomo et al. , 2013; Lager et al.
, 2013; Martens et al. , 2013; Omelchenko et al. ,
2013].
In the model (1), the oscillators ϕi, i = 1, ..., N,
are assumed to be uniformly distributed over a one-
dimensional ring (of unit length, for definiteness),
so that the index i is periodic mod N . ω denotes
the natural frequency of the oscillators that can be
set to zero, K is coupling coefficient that can be
set to one. An important role for the system dy-
namics is played by the phase lag parameter α . In-
deed, in the most of the papers listed above, chimera
state was found for special values of parameter α
which are smaller but close to pi/2. E.g., classical
Kuramoto parameter values at which chimera state
was first detected are α = 1.457, k = 4.0; Strogatz
2004 values are α = pi/2 − 0.18, A = 0.995. Note,
that in both cases chimera state co-exists with the
fully synchronized state ϕi = ... = ϕN (which is
indeed stable for all −pi/2 < α < pi/2). Due to
the co-existence, chimera states can be obtained in
numerical simulations only from specially prepared
initial conditions [Abrams & Strogatz, 2006].
Recently, chimera state was reported for Eq.(1)
with the simplest possible form of nonlocal coupling
given by a step function [Omel’chenko et al. , 2010;
Wolfrum et al. , 2011; Wolfrum & Omel’chenko,
2011; Omelchenko et al. , 2011, 2012; Omel’chenko
et al. , 2012; Nkomo et al. , 2013; Omelchenko et al.
, 2013]:
Gstep(x, r) =
{
1/2r, if |x| ≤ r,
0, if |x| > r. (4)
In this case, each oscillator ϕi is coupled with equal
strength to its P nearest neighbors on either side,
and the model (1) obeys the form:
ϕ˙i = ω +
K
2P
P∑
j=−P
sin(ϕi+j − ϕi − α). (5)
An essential parameter in Eq.(5) is radius of cou-
pling r = P/N . At r = 1/N coupling in the model
is local (nearest-neighbor), and for r = 0.5 it is
global (mean-field). Our target is an intermediate
case 1/N < r < 0.5 when chimeras can indeed ex-
ist.
As it was found in [Omel’chenko et al. , 2010],
chimera states are not fixed objects in the space but
they wander along the ring performing some kind
of random walk, and with essentially hyperchaotic
dynamics at finite time scales [Wolfrum et al. ,
2011]. Amplitude of the chimera’s wandering grows
with decrease of the system size N so that chimera
collapses falling on the coherent state, which can
be easily observed at N between 40 and 50. On the
other hand, asN increases, chimera’s life time grows
exponentially [Wolfrum & Omel’chenko, 2011] so
that for N around 100 or more only very long cal-
culations of Eq.(5) are expected to confirm the tran-
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Fig. 1. (a) Parameter regions of multi-headed chimera states in Kuramoto model (5) with N = 1000 oscillators,. (b) Enlarge-
ment of the rectangle from (a). Insets show typical profiles of average frequencies of individual oscillators in parameter points
indicated by arrows. Hatched regions denote multistable regimes where two or more chimera states coexist. Calculations where
performed up to T = 10000 time units, average frequencies were calculated for ∆T = 100, grid hα = hr = 0.001.
sient nature of the chimera state. Therefore, for N
large enough, chimeras can be considered as effec-
tive attractors of nonlocally coupled phase oscilla-
tors.
In the Paper, we study appearance of chimera
states for coupled phase oscillators given by Eq.(5)
with both attractive (Ch.2) and repulsive (Ch.3)
coupling. Our numerics are based on the Runge-
Kutta solver DOPRI5 that has been integrated by
software for large nonlinear dynamical networks
[Salnikov et al. , 2011], allowing for parallelized sim-
ulations with different sets of parameters and initial
conditions. With use of massive numerical simula-
tions we find that chimeras exist in wide domains
of the parameter space as cascades of the states
with increasing number of regions of irregularity, so-
called chimera’s heads. The measure of coupling at-
tractivity/repulsivity in Eq.(5) is controlled by the
parameter α: for −pi/2 < α < pi/2 the coupling is
attractive, whereas for pi/2 < α < 3pi/2 it is repul-
sive. In the first, attractive case the coherent state
ϕ1 = ... = ϕN is always stable (and co-exists with
chimera states). It loses its stability only when α
crosses ±pi/2. In the second repulsive case, asymp-
totically stable is the situation when phase variables
ϕi, i = 1, ..., N, are uniformly distributed along the
ring. This zero order parameter regime of the Ku-
ramoto model is called q-twisted state. It is char-
acterized by fixed phase difference 2piq/N between
succescive oscillators: ϕi = ω¯t + 2piqi/N + C, i =
1, . . . , N [Wiley et al. , 2006]. Here q is a wind-
ing number, an integer that stays for the number
of full twists in phase around the ring. Stability of
the q-twisted states for different values of winding
number q and the coupling radius r was derived for
α = 0 (the most attractive case) in [Wiley et al.
, 2006], and for α = pi (the most repulsive case)
in [Girnyk et al. , 2012]. The stability is preserved
for the entirety of the α-intervals of attractivity
−pi/2 < α < pi/2, and repulsivity pi/2 < α < 3pi/2,
respectively [Girnyk, private communication].
Finally, in Ch.4, we study the origin of the
chimera states for the repulsive coupling case pi/2 <
α < pi. We show that chimeras grow, as α decreases,
from so-called multi-twisted states reported recently
in [Girnyk et al. , 2012]. The latter are character-
ized by phase difference between neighboring oscil-
lators approximately equal 2piq/N in one sector of
the ring, and −2piq/N in another sector, and they
have intermediate values between the two sectors.
Three typical scenarios for the chimera birth are re-
ported: 1) via inverse saddle-node bifurcation on an
invariant curve, also known as SNIC or SNIPER,
2) via blue-sky catastrophe when two periodic or-
bits, stable and saddle, approach each other and
annihilate eventually in a saddle-node bifurcation,
and 3) via homoclinic transition, when the unstable
manifold of a saddle comes back crossing the stable
manifold giving rise to Shilnikov homoclinic chaos
[Shilnikov , 1965, 1967; Shilnikov et al. , 1998, 2001;
Afraimovich et al. , 1983; Glendinning & Sparrow,
1984].
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2. Cascade of chimera states:
attractive coupling
2.1. Step-wise coupling
Without loss of generality we put in Eq.(5) ω = 0
andK = 1 and assume, first, parameter α belonging
to attractive coupling range from 0 to pi/2. Results
of direct numerical simulation of the model (5) in
the two-parameter plane of the phase shift α and
the coupling radius r are presented in Fig.1.
The figure reveals the appearance of regions for
chimera states, shown in color, at α close to pi/2 and
an intermediate radius of coupling. The regions and
typical shapes of average frequencies for the chimera
states are shown as shaded (colored) tongues and
insets, respectively. Alternatively, if phase shift is
smaller (α < 1.3) or coupling is only local (r = 1/N)
or global (r = 0.5), chimeras do not exist. In this
case the system dynamics is characterized by fully
synchronized q-twisted behavior states, moreover,
the latter is possible only for r < 0.33 [Wiley et al.
, 2006].
Each chimera state is characterized by the num-
ber of intervals of incoherence, so-called chimera’s
heads, where average frequencies ω¯i of individual
oscillators ϕi (which are actually Poincare wind-
ing numbers) appear to be different from the com-
mon frequency of synchronized oscillators. The re-
gions for chimera states with head numbers h =
1, 2, 4, 6, 8, and 10 are shown, examples of respec-
tive average frequencies are illustrated in the insets.
Further decrease of the coupling radius r yields ad-
ditional high-order regions following an even pair
adding cascade h = 12, 14, .... We conclude that
only chimeras with even head number h are pos-
sible for Kuramoto model with attractive coupling,
except of ”classical” one-headed chimera (h = 1).
Detailed structure of high order chimera’s re-
gions is illustrated in Fig.1(b). Each region has
the shape of a sharp horizontal tongue, width of
the regions decreases with increase of head num-
ber h (presumably, with some multiplier smaller
than 2/3). As one can observe, the regions are pack-
ing closer and closer to r = 0 axis. Length of the
tongues also decreases with increase of h but much
slower. Neighboring chimera’s tongues are heavily
intersecting, which means that chimeras with dif-
ferent head number h can co-exist. Moreover, the
number of the intersecting sub-regions grows with
h too. E.g., four different type of chimera states
coexist in a yellow shaded sub-region in Fig.1(b)
denoted by h4, h6, h8, and h10.
It can be hypothesized that the cascade of the
chimera states is accumulated, as h grows, to the
corner parameter point α = pi/2, r = 0. If so,
α = pi/2, r = 0 is a highly degenerate parameter
point where infinitely many multi-headed chimera
states co-exist in the same vicinity and their head
number h→∞. To verify the hypothesis, one have
to increase network size N . This, in turn, requires
significant increase in the calculation time which is
proportional to N2.
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Fig. 2. Examples of multi-headed chimera states with (a)
one, (b) two, (c) four, and (d,e) ten heads (i.e. regions of
chaoticity). Snapshots (left columns) and space-time plots of
average frequencies (right columns). Other parameters as in
Fig.1 except of (e) where N=5000.
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Fig.2 illustrates typical snapshots of multi-
headed chimera states (left column) and respective
time courses of their average frequencies (right col-
umn), calculated in parameter points A1, A2, A4,
and A10 depicted in Fig.1. The classical one-headed
chimera, Fig.2(a), consists of two oscillator clusters,
one coherent and the other incoherent, where the
oscillators are synchronized and desynchronized, re-
spectively. In the coherent cluster all oscillators are
nearly in-phase whereas the incoherent clusters os-
cillators are randomly distributed between −pi and
pi. Moreover, the desynchronized oscillators aren’t
phase locked, i.e. rotate with different average fre-
quencies (Poincare winding numbers), as it can be
concluded from the upper inset in Fig.1(a). The
bell-shaped profile of the average frequencies con-
vinces that the oscillators in the incoherent clus-
ter are not synchronized with respect to each other
not only in phase but also in frequency. Due to
this property, chimera states may be considered as
a manifestation of the phenomenon of partial fre-
quency synchronization. Indeed, some part of the
chimera’s oscillators is in perfect synchrony but the
others are frequency desynchronized. The multi-
headed chimeras, Fig.2(b-e), are characterized by
an even number of the coherent and incoherent clus-
ters alternating successively with each other. The
oscillations in the same coherent cluster are nearly
in-phase, while between successive coherent clusters
they are in anti-phase.
As it was reported in [Wolfrum et al. , 2011],
dynamically, chimeras are high hyperchaotic states
in the N -dimensional phase state of the model (5),
having a large number of positive Lyapunov ex-
ponents. As a consequence, chimera’s behavior is
significantly irregular in time in spite of its rather
regular macroscopic structure in space. This is il-
lustrated by chimera’s time courses in Fig.2, right
column. Indeed, chimera’s position, as one can ob-
serve, is not fixed on the ring. On the contrary,
each chimera wanders chaotically similar to a Brow-
nian motion [Omel’chenko et al. , 2010]. Note that
chimera’s chaotic wandering is a finite-size effect:
wandering amplitude decreases for larger N and
eventually, the wandering phenomenon vanishes in
the thermodynamic limit N → ∞ [Wolfrum &
Omel’chenko, 2011].
Surprisingly, as Fig.2 also illustrates, wandering
amplitude of multi-headed chimeras (h ≥ 2) is much
larger than those in one-headed case [compare (b),
(c), and (d) with (a)]. The multi-headed chimeras
perform long wave chaotic oscillations which are,
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Fig. 3. An example of 16-headed chimera states of the model
(5) in parameter point A16 shown on Fig.1(b). Snapshot
(left column) and average frequencies of individual oscillators
(right column). (b) Enlargement from (a). (c) Space-time dy-
namics. N = 5000, the other parameters as in Fig.1.
clearly, different from the standard Brownian mo-
tion. The nature of the oscillations is not yet under-
stood and should be studied more. Note also that
chimeras in Fig.2 (a-d) are for Kuramoto model (5)
of N = 1000 coupled oscillators. In Fig.2(e) we illus-
trate changes in the ten-headed chimera’s dynamics
for N = 5000 (the other parameters are the same).
As it has been expected, chimera’s wandering am-
plitude is now much smaller.
Fig.3 illustrates an example of 16-order chimera
state, the highest order we have been able to detect
for the model with N = 5000 oscillators. Enlarge-
ments in Fig.3(b) confirm perfect synchronization
in a coherent window: 36 oscillators are nearly in-
phase [left] and 23 of them are frequency synchro-
nized [right]. Detailed space-time dynamics of the
16-headed chimera state is illustrated in Fig.3(c).
To conclude the discussion for the attractive
coupling case of the model (5) with piece-constant
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coupling function (4), we notice one more peculiar-
ity of the chimera’s space-temporal dynamics: as
one can observe in Figs. 2 (left panel) and Fig.3(c),
chimeras preserve perfect symmetry in space at any
time moment t. Indeed, respective clusters of coher-
ence/incoherence look very much the same, both in
length and in color scale. More precise microscopic
inspection argues, nonetheless, that there are minor
mismatches but only close to boundaries between
the respective coherent/incoherent clusters of the
chimera states.
2.2. Exponential coupling
Let us now consider the Kuramoto-Sakaguchi model
(1) with exponential coupling function G given by
formula (2). In such a formulation this is exactly the
problem, where chimera state was discovered in the
paper [Kuramoto & Battogtokh, 2002]. As before,
we put ω = 0 and K = 1 and assume parameter α
belonging to the attractive coupling range from 0
to pi/2.
Fig. 4. Regions of multi-headed chimera states in model (1)
with exponential coupling function (2). Parameter k along
vertical axis is displayed using a logarithmic scale. Insets
show typical profiles of average frequencies of individual os-
cillators in parameter points indicated by arrows.
Results of direct numerical simulation of the
model (1) in the two-parameter plane of the phase
shift α and the coupling exponent k (in logarithmic
scale) are presented in Fig.4. The figure is quite sim-
ilar to figure 1 for the step-wise coupling case above.
It reveals the appearance of regions for chimera
states at α close to pi/2 and k between 1 and 80.
As in the step-wise case, the multi-headed chimera
regions have the form of sharp horizontal tongues,
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Fig. 5. Examples of multi-headed chimera states in model
(1) with exponential coupling function (2). Chimera states
with (a) one, (b) two, (c) four, and (d) eight heads (intervals
of chaoticity) are obtained in respective parameter points
A1, A2, A4 , and A8 depicted in Fig.4. Snapshots (left and
middle columns) and space-time plots of average frequencies
(right columns). N = 1000,∆T = 100.
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whose respective average frequencies are also sim-
ilar, as shown in the inserts. Fig.5 (a) illustrates
”classical” one-headed chimera state in the param-
eter point A1(α = 1.457, k = 4.0) reported in [Ku-
ramoto & Battogtokh, 2002] (cr. Fig.2 there). As
one can observe in the right, this state lives for
long time, up to T = 50000 and longer, performing
chaotic wandering of rather small amplitude. Such
a type of behavior is, clearly, similar to what was
obtained above in the step-wise coupling case.
On the other hand, to our surprise, all multi-
headed chimera states from the regions h2, h4, ..
in Fig.4 are of transient type with life time not
exceeding several thousand time units. This is il-
lustrated in Fig.5 (b-d) where examples of 2-, 4-
and 8-headed chimera states are shown. The right
panel shows long term space-time dynamics where
chimeras arise only for rather short time interval,
then collapse. Sample examples of the transient
chimeras, their snapshots and average frequencies,
are shown in the left and in the middle panels, re-
spectively.
All space-time plots in Fig.5 are obtained for
N = 1000 oscillators. To overcome the short tran-
sient dynamics we tried, following the ideas from
[Wolfrum & Omel’chenko, 2011], to increase the
number of oscillators up to 5000 and more. Sur-
prisingly, this has not helped. The multi-headed
chimeras preserve the short transient behavior and
their life time, virtually, does not change with in-
crease of N . We have no explanation of the ”short
transient phenomenon”, but suspect that it can be
connected with global character of the coupling. In-
deed, we can only propose a simple approach how
to overcome the short chimera collapsing: to mod-
ify the coupling by introducing a radius r < 0.5 and
not to allow for the exponential coupling to extend
above it. Then, the chimeras live long time as in the
step-wise coupling case described above.
3. Cascade of chimera states:
repulsive coupling
3.1. Step-wise coupling
In this Chapter, we consider Kuramoto model (5)
with parameter α belonging to the repulsive range
from pi/2 to pi (assuming as before K = 1 and
ω = 0). Results of direct numerical simulation in
the two-parameter plane of the phase shift α and
the coupling radius r are presented in Fig.6.
This figure reveals the appearance of regions
for chimera states at an intermediate radius of cou-
 
  0.13 
Fig. 6. (a) Regions of multi-headed chimera states in model
(5) with repulsive coupling, (b) an enlargement of the rect-
angle from (a), and (c) graph of the number of incoherent
oscillators in chimera’s heads calculated along the horizontal
line in (b), N = 1000.
pling and the phase shift α distanced from pi/2 and
pi. Alternatively, we observe that if α tends to pi/2
the network displays high-dimensional space-time
chaos. In the opposite situation, when parameter α
becomes close to pi the network complexity ceases
to exist. The oscillators ϕi create so-called multi-
twisted states [Girnyk et al. , 2012] which are pat-
terns of non-trivial spatial organization but rotating
with a constant velocity, such that they are station-
ary states in the phase difference variables
ψi = ϕi − ϕi+1, i = 1, . . . , N − 1. (6)
In Fig.6 (a,b), parameter region of multi-twisted
states is dot-hatched in orange, see examples of the
states in the Fig.10. Regions of chimera states and
typical shapes of the average frequencies are shown
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Fig. 7. (a) Examples of multi-headed chimera states for Ku-
ramoto model (5) with repulsive coupling. Snapshots (left
panels) and average frequencies (right panels) for the param-
eter values indicated above the figure. N = 5000, ∆T = 1000.
in Fig.6(a,b) as shaded (colored) multi-connected
vertical strips and respective insets. A variety of
more complicated regimes including traveling waves
of different shape and dynamics are detected in
our simulations for smaller r and α (respective re-
gion is shown in grey), but they are out of the
goal of the study. There are also q-twisted states
ψi ≡ 2piq/N, i = 1, . . . , N − 1 co-existing with
chimeras and other more complicated states at any
r and α in the parameter plane as shown in Fig.6
(a).
We find that each chimera state in the repul-
sive parameter region pi/2 < α < pi is character-
ized by even number of narrow layers of incoher-
ence, chimera’s heads, where the average frequen-
cies ω¯i are different from the frequency of the syn-
chronized clusters. Only regions with head num-
bers h = 2, 4, 6, and 8 are shown. Further decrease
of α or r yields additional high-order regions fol-
lowing an even pair adding cascade h = 10, 12, ....
The number of incoherent oscillators, i.e., those in
chimera’s heads, grows with decrease of α. This is
illustrated in Fig.6(c), where we fix the coupling ra-
dius r = 0.13 and vary α along the horizontal line
shown in Fig.6(b).
Examples of the multi-headed chimera states,
snapshots and shapes of average frequencies, are il-
lustrated in Fig.7. Respective space-time dynam-
ics are shown in Fig.8, where one can observe ir-
regular chimera’s wandering, as a manifestation of
the chaotic system dynamics in the N -dimensional
toroidal phase space of Eq.(1,2).
Fig. 8. Examples of space-time dynamics of multi-headed
chimera states for model (5) with repulsive coupling. N =
1000, r = 0.13, ∆T = 100.
As one can observe in Fig.6(b), neighboring
chimera’s regions are slightly intersecting and so,
chimeras with different head-numbers can co-exist.
Fig.9 illustrates in details two such co-existing
chimeras, with 2 and 4 heads respectively, in pa-
rameter point A depicted in Fig.6(b).
We find that chimeras are born, as α decreases,
developing from the multi-twisted states of the form
illustrated in Fig.10. Only blue state is not symmet-
ric, its continuation (with decrease of α) produces
a chimera state at the boundary of the blue region
October 20, 2018 20:1 Chimera
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Fig. 9. (a-f) Two co-existing chimera states in parameter
point A for α = 2.71, r = 0.13 (depicted in Fig.6(b) : two-
headed (left) and four-headed (right) for N = 1000; (g) four-
headed chimera for N = 10000; (h) enlargement from (g).
Fig. 10. Examples of multi-twisted states for different r.
Parameters N = 1000, α = pi.
in Fig.6(a). Three others, symmetric multi-twisted
states survive up to the left boundary of orange re-
gion, where they disappear in a crisis without any
chimera birth. Just after the birth, only one or few
oscillators split up from the main synchronized clus-
ter and start to rotate with different average fre-
quencies (Poincare winding numbers). With further
decrease of α additional oscillators split up so that
incoherence strips, chimera’s heads, become wider,
see Fig.6 (c). Eventually, chimera states cease to
exist at the left hand boundary of the regions in a
crisis bifurcation.
Dynamical complexity of the chimera state can
be characterized by the number of positive Lya-
punov exponents or, more precisely, by Lyapunov
dimension. Our simulations confirm, in analogy
with the case of attractively coupled Kuramoto
model [Wolfrum et al. , 2011], that Lyapunov di-
mension is slightly smaller than the number of inco-
herent oscillators. Therefore, the complexity grows
with decreasing α as it is confirmed by Fig.6(c)
and by the graph of 80 largest Lyapunov exponents
in Fig.11 (N=1000). For α < 2.45.. more than 80
Lyapunov exponents become positive. At α = 2.71
both chimeras, two-headed and four-headed, shown
in Fig.9 contain ≈ 20 incoherent oscillators in each
head. Then, our simulations show that 2-headed
chimera has 17 positive Lyapunov exponents with
Lyapunov dimension DL ≈ 36.3, 4-headed chimera
has 28 positive Lyapunov exponents with Lyapunov
dimension DL ≈ 59.4.
Fig. 11. Graph of 80 largest Lyapunov exponents com-
puted for chimera trajectories of model (5) with coupling
radius r = 0.13, N = 1000 and step hα = 0.001. For
each value of α, trajectory length T = 3x105. The calcula-
tions were performed at the computer cluster ”CHIMERA”
(http://nll.biomed.kiev.ua/cluster) and GRID infrastructure
[Zynovyev et al. , 2007]. Enlargement in inset: Ten largest LEs
of two-headed chimera states (solid lines) and multi-twisted
state (dotted lines) co-existing in the parameter interval ∆α.
In the thermodynamic limit N →∞, the num-
ber of incoherent oscillators grows proportionally to
N . The limiting profile of average frequencies is il-
lustrated in Fig.9(g,h), it can be obtained by stan-
dard self-consistency approach developed in [Ku-
ramoto & Battogtokh, 2002; Abrams & Strogatz,
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2004; Bordyugov et al. , 2010; Wolfrum et al. , 2011].
The profile is obtained numerically for N = 10000
oscillators, it is similar but 10 times disperser com-
pared to the respective N = 1000 profile shown
above in Fig.9(e,f).
4. Appearance of the chimera
states: three scenarios
We find three typical scenarios for the chimera
birth: 1) via inverse saddle-node bifurcation on
a closed invariant curve knowN also as SNIC or
SNIPER [Fig.12]; 2) via blue-sky catastrophe when
two periodic orbits, a limit cycle and a saddle cy-
cle, approach each other collapsing in a saddle-node
periodic orbit [Fig.13]; and 3) via homoclinic tran-
sition when the phase slips (producing actually a
chimera) arise as a destabilization of a two-loops
limit cycle born in a neighborhood of a homoclinic
trajectory [Fig.14]. To unfold the transitions, we fix
the coupling radius r and decrease the phase shift
α from pi. In each of the cases, as we have found,
chimera state grows from multi-twisted states of the
form illustrated in Fig.10. For the convenience, be-
low we use new phase difference variables
θi = ϕi+1 − ϕ1, i = 1, . . . , N − 1. (7)
In Fig.12, we take model (5) with N = 54 os-
cillators, each coupled to P = 8 nearest neighbors,
then the coupling radius r = P/N equals 0.144... .
Then chimera state grows, with decreasing α, from
a pair of multi-twisted states which are similar but
shifted with respect to each other by one oscillator,
see Fig.12(b).
Both multi-twisted states obey an axis symme-
try and have two oscillators staying in anti-phase
to the others (shown in Fig.12(b) for α = pi). They
are ϕ10 and ϕ37 for one of the multi-twisted states
(shown in blue) and ϕ11 and ϕ38 for the other
(shown in red). The anti-phase oscillators are play-
ing role of a ”germ” for the chimera state. Indeed,
they just split up and start rotating in a chimera
birth bifurcation at αch = 2.85855.... In Fig.12(a)
the multi-twisted states are depicted as O1 and O2.
On the way from α = pi to αch they undergo a pitch-
fork bifurcation at some αpf , each producing a pair
of asymmetric states of a shape shown in Fig.12(b).
With further decrease of α, two of the states (by
one from each pair) find themselves at an invari-
ant resonant curve, as it is shown in a projection in
upper inset in Fig.12(a). The chimera-birth bifurca-
tion takes place in the next moment αch, when the
Fig. 12. Saddle-node scenario, see text for details.
states simultaneously disappear in a collision with
respective saddles. The bifurcation produces slips of
oscillators ϕ11 and ϕ38 around the circle, first very
slow then faster and faster with more decrease of α.
The same type of the behavior takes place for the
symmetrically located oscillator ϕ38. A two-headed
chimera state is born, its average frequency charac-
teristic is shown in the lower inset in Fig.12(a).
The second, blue-sky catastrophe scenario is il-
lustrated in Fig.13. Here N = 100 and P = 10
(coupling radius r = 0.1). A difference from the
previous scenario is that circular rotations along
an invariant curve arise not due to a saddle-node
collapse but as a collision and annihilation of two
cycles (periodic orbits), one stable and the other
saddle. This is illustrated in a projection in upper
left insets in Fig.13(a). In other words, the chimera
birth bifurcation represents again a kind of an in-
verse saddle-node at a resonant invariant curve at
NDim torus, but for periodic orbits, not for equilib-
rium, which is known as blue-sky catastrophe [Palis
& Pugh , 1974; Shilnikov et al. , 1998, 2001]. We
find that for the chosen parameters, the bifurca-
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Fig. 13. Blue-sky catastrophe scenario, see text for details.
tion occurs at αch = 2.9041...: chimera state is born
from two limit cycles, shown in right upper insets.
The cycles, in turn, have been born in a Hopf bi-
furcation at αH = 2.9067... from the multi-twisted
states Fig.13(a). As in the previous saddle-node sce-
nario, two multi-twisted states participate in the
chimera creation, they are depicted by O1 and O2 in
Fig.13(a). The multi-twisted states are similar but
shifted along the ring by 7 oscillators. The shifting is
reflected, eventually, in the appearing chimera state
structure, where just two oscillators ϕ61 and ϕ69
rotate differently from the others, see lower inset.
Furthermore, Fig.13(b) illuminates 3Dim chimera
state dynamics just after the blue-sky catastrophe
bifurcation at α = 2.90407...
The third, homoclinic scenario [Fig.14, N =
90, r = 0.1] differs from the others from the very
beginning. Chimera state in this case is originated
from a unique, symmetric multi-twisted state. At
Fig. 14. Homoclinic scenario, see text for details.
αpf = 2.91215... it undergoes a pitchfork bifur-
cation producing two asymmetric states which, in
turn, give birth to two stable periodic orbits in a
Hopf bifurcation at αH = 2.88441.... With further
decrease of α both periodic orbits grow in size and
move to each other [Fig.14(a), upper right inset].
The cycles are symmetrically located with respect
of a saddle state S (which is a continuation of the
original multitwisted state O), and they are close
to creating a double ”eight-like” homoclinic con-
tour. But, as we have concluded after more detailed
simulations, this does not happen. Instead, as we
assume, homoclinic bifurcation of the saddle cycle
S takes place in a different way at some α before. It
results in complex dynamics, including Smale horse-
shoe, in phase space around S. Therefore, both cy-
cles disappear not in a symmetric homoclinic bi-
furcation but in an inverse saddle-node bifurcation,
at αcr = 2.86608... [Fig.14(a)]. Slightly before, at
αtl = 2.87244..., a two-loops cycle is born in another
saddle-node bifurcation. Cycles of both types, one-
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loop and two-loops, co-exist in the α-range between
these two values αtl and αcr.
Chimera state arises from a two-loop cycle at
some αch, when the cycle loses stability and starts
producing slips [θ60 in upper left inset ]. Simultane-
ously, three more oscillators, θ53, θ59, θ66, start ro-
tating as it can be concluded from the chimera’s
frequency characteristic [lower right inset]. The
chimera is born. In Fig.14(c), one can also see a
4-loops cycle [left] and a more complicated peri-
odic orbit [right], both coexisting with the chimera
state [Fig.14(a), upper left inset] and the 2-loops
cycle [Fig.14(a), upper middle inset] at the same
parameter value α = 2.866025. The system dynam-
ics becomes more and more complicated and multi-
stable. We believe that this complexity is a sign of
Shilnikov homoclinic chaos [Shilnikov , 1965, 1967;
Shilnikov et al. , 1998, 2001; Afraimovich et al. ,
1983; Glendinning & Sparrow, 1984].
These three scenarios do not cover all transi-
tions to the chimera states, they just illustrate how
rich and amazing the dynamics of coupled oscilla-
tors could be even if the oscillators are all identical
and coupling scheme in the network is symmetric.
Indeed, the complexity arises from the internal non-
linear interactions, not from the external signals.
One challenging problem is the question of which of
the unique properties of the model are robust and
are preserved under perturbations, whether random
or regular.
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